From the point of view of homotopy theory a compact Lie group G has the following remarkable combination of properties:
It is natural to ask about the realizability of other Dickson invariant algebras. Say that a space Y is of type BDI(n) if H*(Y, F 2 ) is isomorphic, as an algebra over the Steenrod algebra, to the algebra of rank n mod 2 Dickson invariants [32] . Then Rp oo = BZj2 is of type BDI(l), BSO(3) is of type BDI(2) and the classifying space BG 2 of the exceptional Lie group G 2 is of type B DI(3) .
It is known that no space of type BDI(n) can exist for n 2: 6 [31] . Lannes has recently used methods similar to ours to show the nonexistence of a space of type B DI(5) , while [24] proves the stronger statement that an H-space "of type nBDI(5)" does not exist (see also [18] ). The construction of BDI (4) in this paper completes the determination of the set of integers n for which a space of type BDI(n) exists.
One indication that B DI( 4) might exist comes from Lie theory. If G is a connected compact Lie group of rank r, then the Weyl group WG is a finite subgroup of GL(r, Q) generated by reflections, and the rational cohomology ring of BG is naturally isomorphic to the ring of polynomial invariants of W G • Finite reflection groups are relatively uncommon, and in fact G is close to being determined by its Weyl group W G • Let Z2 denote the ring of 2-adic integers. About ten years ago the second author observed that there exists a finite reflection subgroup W DI (4) of GL(3, Q ® Z2) such that the ring Q ® H* (B DI( 4), Z2) (which is easily seen to be a polynomial algebra on generators of dimensions 8, 12 , and 28) is isomorphic to the ring of polynomial invariants of W DI (4) ' In a sense this group W DI (4) is a plausible "Weyl group" for a 2-adic finite loop space of type DI ( 4) . The group W DI (4) is isomorphic to Zj2 >!( GL (3, F 2 ) and arises as complex reflection group (number 24 on the list of [5] ) whose reflection representation can be defined over a subfield of C which embeds in Q®Z2 [5, p. 431] . In 1980 there was no evident way to use the existence of W DI (4) to construct BDI (4) ; even now we use the existence of W DI (4) only in an indirect way ( §4) and make no explicit reference to the reflection properties of the group. In spite of this, the results of this paper suggest a link between p-adic finite loop spaces and p-adic reflection groups that lies deeper than the material in [9] . One might even conjecture on the basis of the tables in [5] that the classifying space of any connected 2-adic finite loop space is the product of the F 2 -completion of the classifying space of a connected compact Lie group with a number of copies of B DI( 4) . [20, 17, 13] . The starting point is again the theory of Lie groups, but this time on the homotopy-theoretic side. Let 57 denote the category of topological spaces. Jackowski and McClure have proved the following remarkable result.
The basic technique. Our present method of building B DI( 4) depends on the ideas of
1.3. Proposition [17] . For any compact Lie group G there exist ( 1) a category A~ie whose objects are the (conjugacy classes of) nontrivial elementary abelian 2-subgroups of G, Unless G has a central element of order 2, this proposition provides a decomposition of BG up to F 2 cohomology as a generalized pushout of classifying spaces of proper subgroups of G. There is also an algebraic version of the above. Let % denote the category of unstable algebras over the mod 2 Steenrod algebra.
1. 4 . Proposition [13, §2] Now let Y be BDI (4) and let R = H*(Y, F 2 ) be the rank 4 Dickson invariant algebra. It is easy to figure out the category A~g (see 1.5) and for each object (V, 1*) of A~g to compute the algebra a~g( V, 1*). It is natural to hope that Y is sufficiently similar to the classifying space of a compact Lie group that something like the Jackowski-McClure decomposition might work for Y. With this as motivation, then, we construct by hand ( §7) a functor F: (A~gtP -> c'T such that H* (F ,F 2 ) is naturally equivalent to a~g, and verify by direct algebraic calculation (2.4) that the cohomology of the homotopy direct limit of this functor is the ring of rank 4 mod 2 Dickson invariants. We obtain B DI( 4) as the F 2 -completion of this homotopy direct limit.
To build the functor F we first ( §6) construct a parallel functor F with values in the homotopy category and then use the obstruction theory of [6] to lift F to a functor F with values in the category of spaces. We are fortunate that this lifting problem is easy to solve once it is set up: all of the obstruction groups are zero (7.6).
1.5. The role of Spin(7). The construction of the above functor F takes up a large part of the paper and involves careful study of the Lie group Spin(7) and some of its subgroups. (Here Spin(7) is the connected double covering group of the special orthogonal group SO(7).) There is a simple explanation for this. Let R = H*(BDI(4), F)) be the rank 4 Dickson invariant algebra.
Because of 1.3 and 1.4 it is usef~l to refer to an object A = (V, 1*) E A~g with rank( V) = r as a rank r elementary abelian 2-subgroup of DI( 4) (taken up to conjugacy), and to interpret a~g(A) as the cohomology of the classifying space of the centralizer of A in DI( 4). Explicitly, then, the elementary abelian 2-subgroups of D I ( 4) correspond to pai rs (V, 1*) where V is an elementary abelian 2-group and {*: R -t H* (B v' , F 1) is a .5r: -map which makes H*(BV, F 2 ) into a finitely ge'nerated module ove~r R [13, §2] . The following lemma (due to Lannes) explains how to enumerate these and calculate the values of the functor a~g.
We will let TV denote the T-functor of Lannes [19] ; TV is the left adjoint on the category of unstable modules (or algebras) over the Steenrod algebra to the functor given by tensoring with H*(BV, F 2 ). If X is a space the algebra TV(H*(X, F 2 )) is closely related to the F2 cohomology algebra of the space of maps from B V to X. Recall [11] that to any object S E % and map f*: S -+ H*(BV, F 2 ) there is associated a quotient object T;'(S) of TV (S); if S = H*(X, F 2 ) then T;'(S) is closely related to the F2 cohomology ring of the space of maps BV -+ X inducing j* on cohomology. (Note that in [13] the algebra T;' (S) is denoted T( V, S) f .) Proof. By exactness of the functor TV [21] there is an isomorphism Moreover, the algebra TV(H*(BE, F 2 )) is isomorphic [21,3.4 .5] as a r-object to the tensor product HO(Hom(V, E), F 2 ) Q9 H*(BE, F 2 ) with the diagonal r action (the first factor here is the zero-dimensional cohomology of the discrete space Hom( V, E) ; the tensor product itself in fact gives the cohomology of the space of maps BV -+ BE). Parts (1) and (3) follow from the definition of T;' and inspection. Part (2) can be obtained for instance from [13, proof of
Since the group r = GL(4, F 2 ) acts transitively on the subspaces of (Z/2)4 of any given dimension, it follows that up to conjugacy there is only one rank i elementary abelian 2-subgroup Ai of DI(4) for each i = 1, ... ,4. Moreover, the algebra Q:~g(A) is isomorphic to the fixed point set of the action of r i on H*((BZ/2)4, F 2 ), where r i C GL (4, F 2 ) is the set of matrices which agree with the identity in the first i columns. A study of morphisms [13, §2] now implies that the category A~g is equivalent to the category A of §2 and that the functor Q:~g is equivalent to the functor Q: R of 2.3. The category A has four objects and the following shape
where under each object is its monoid (in this case group) of self maps and" =} " stands for an appropriate set of morphisms. There are no morphisms Ai ---+ Aj for i > j and for i ::; j the group GL(j, F 2) = Aut(A) acts transitively on the set of morphisms Ai ---+ Ai. This calculation, though, reveals something perhaps unexpected: the cohomology ring a~g(A I) of the classifying space of the centralizer of the essentially unique rank 1 elementary abelian 2-subgroup of DI( 4) (the cohomology ring calculated as H*((BZj2)4, F 2 )'1 above) is exactly (3.11) the F2 cohomology ring of B Spin(7)! Encouraged by this, we surmise that this centralizer is Spin (7) and begin the construction of F by declaring F (A I) to be the F 2-completion of B Spin (7) . It then stands to reason that the centralizer in DI( 4) of a rank 2 elementary abelian 2-subgroup A, say, should be the same as the centralizer of A inside the centralizer within DI( 4) of any rank 1 subgroup of A, i.e., the same as the centralizer of A within Spin(7). This can be verified cohomologically by combining 1.3, 1.4 and 1.6; verification comes down to observing that the fixed point set of the action of the group r i (2::; i ::; 4) on H* ((BZj2)4 , F 2) does not depend on whether r i is encountered as a subgroup of r l or as a subgroup of GL(4, F 2 ). The conclusion is (3.13) that for i = 2, 3, 4 the algebra a~g(Ai) is isomorphic to H* (B~(Ei)' F 2 ) , where ~(Ei) is the centralizer in Spin(7) of a rank i elementary abelian 2-group Ei containing the center of Spin(7). This is evidence enough for us to declare F(Ai) to be the F 2 -completion of B~(E).
7. Final ingredients.
Once we have settled on the spaces which the functor F will take on as its values, we have to look for homotopy classes of maps between these spaces satisfying the relations described in 2.1. The basic maps
arise from the inclusion of one subgroup of Spin (7) in another. No nonidentify self-maps of F(AI) are required, and the necessary self-maps of F(A4) are easy to construct, since this space is just (BZj2)4. For i = 2 and i = 3, though, it turns out that inner automorphisms of Spin (7) provide actions of a certain matrix group ( §2) P(l, i -1) c GL(i, F 2 ) on F(A) , whereas the existence of F as a functor requires an action of the full group GL(i, F 2) on this space. The case i = 2 of this problem is solved in §5, and the case i = 3 in §4 (this last case is particularly interesting because it involves constructing what is essentially a 2-adic integral form of the basic reflection representation of W DI (4)). A significant amount of effort goes into being explicit enough about these solutions that it is possible to verify concretely that the necessary diagrams commute up to homotopy and that they have the correct cohomological properties (see §6).
In the end our diagram looks like this:
where" fix" denotes the F2 completion of" BX". (See §3 for detailed descriptions of the above groups.) Of course the spaces in the above diagram exist integrally, but the maps we use exist only after F2 completion. Finally, we note that the conflict between Theorem 1.1 and the nonrealizability results of [25] has been resolved in [23] .
Lie-like properties. The construction of B DI( 4) given in this paper begins with the hypothesis that this space has properties similar to those of the classifying space of a compact Lie group. Theorem 1.8, whose proof is computational but routine, points out a few striking Lie-like properties that follow from the construction. The space DI(4)/ Spin (7) is perhaps an exotic symmetric space at the prime 2. The space DI( 4)/T is the flag manifold (at the prime 2) corresponding to DI( 4) . 1.9. Notation and terminology. We will follow the standard convention that composition of maps between sets, groups, etc. works from right to left: a composite function f· g or fg is defined by the formula f· g(x) = f(g(x)). In particular, if X is a set, group, etc. the monoid Hom(X, X) acts in a natural way on X from the left.
Unless otherwise specified, cohomology is taken with coefficients in the field F2 of two elements. The symbol 1: n will stand for the symmetric group of degree n, i.e., the group of automorphisms of the set {I, ... , n}. Suppose that G is a (topological) group or monoid. The wreath product 1: n I G is the space 1: n x G n with multiplication determined by the formula
where a E 1: n and [gl' ... , gnl belongs to the product monoid G n .
THE BASIC CATEGORY
In this section we describe the basic index category A which is used in the paper; then we construct and study the algebraic diagram over A which we intend eventually to realize geometrically. is empty if i > j, and that (in view of the chosen basis for Ai) the group HomA(A i , Ai) is GL(i, F 2 ). We will think of the elements of Ai as column vectors, so that as usual (1.9) the group GL(i, F 2) acts on the elements of Ai from the left.
There are standard embeddings 1;: Ai ---+ A i + l , i = 1, .. , , 3, in A determined by the formula 1;(e i U)) = e i + 1 U). Let P(i, j) denote the subgroup of GL(i + j, F 2 ) consisting of matrices of the form
where Mll E GL(i, F 2 ), and let r i : P(i, j) ---+ GL(i, F 2 ) be the homomorphism which sends the above element of P( i , j) to the matrix Mil' The group P(i, j) is the subgroup of GL(i + j, F 2 ) given by transformations which carry to itself the subspace of Ai+i generated by the first i standard basis elements.
The following lemma is an elementary calculation.
2.1. Lemma . The category A is generated by the groups
and the maps 1;:
. subject to the following relations:
,
Remark. Lemma 2.1 implies that in order to construct a functor F:
A ---> C for some category C, it is enough to find objects Suppose that F:
T is a functor, where :T is the category of topological spaces. According to [3, XII, 5.8] there is a spectral sequence for the cohomology of the homotopy direct limit holim F which has the form 
Theorem. There exists a functor F: A OP --->:T such that H*(F) is naturally equivalent to a R .
For the rest of the paper we will concentrate on proving 2.5.
SUBGROUPS OF Spin(7)
In §2 we described a very small category A which up to equivalence should be the category of conjugacy classes of elementary abelian subgroups (1.5) of DI ( 4), and we reduced the problem of constructing B DI( 4) to that of constructing a suitable functor F: A op ----> g-. As explained in 1.5, the spaces which the functor F will take on as its values will be of the form BK, where K is the centralizer in Spin(7) of an elementary abelian 2-group containing the center of Spin (7) . In this section we take the first steps toward constructing F (or its homotopy version F) by identifying (3.2) within Spin(7) the appropriate elementary abelian 2-subgroups E j (i = I, ... , 4) and collecting needed information about
(1) the centralizers '6'(EJ of the groups E j (3.3), (2) the normalizers ./Y('6'(Ej)) of the groups '6'(Ej) (3.5) , and (3) the cohomology rings H* B '6'(EJ (3.8) . The normalizers (2) determine certain key self-equivalences of the spaces B'6'(Ej) (the "internal Spin actions" of §6). In order for us to prove that the functor F constructed in §6 has the correct cohomological behavior, it is necessary to understand the cohomology rings (3) in a functorial, geometric way (3.13).
Let T be the maximal torus in SO (7) given by block matrices where each M j is of the form
The Lie algebra of T is a sub algebra of the Lie algebra so ( Recall that the map B Spin(7) ----> B SO (7) is up to homotopy a principal fibration with fibre K (Z/2, 1) classified by the second Steifel-Whitney class w 2 E H2 B SO(7). We will implicitly use the following lemma several times. Remark. Often the best way to compute the class w 2 (V) of 3.1 is to express the representation V --+ SO(7) as a sum of one-dimensional representations of V.
3.2. Elementary abelian subgroups of Spin(7). We will let E be the rank three elementary abelian 2-subgroup of SO(7) generated by the matrices diag( ----+ + + ) , diag( --+ + --+) , diag( -+ -+ -+ -) , where diag(···) indicates a diagonal matrix with the specified pattern of ± 1 entries. By 3.1 the inverse image E4 of E in Spin (7) is a rank 4 elementary abelian 2-group, and it is clear that E4 contains a rank 3 elementary abelian subgroup E3 generated by the elements of order 2 in the torus
; under this isomorphism the basis {~, ti, t;} for L provides a basis for E 3 . Let E2 and E1 denote the (based) subgroups of E3 corresponding to the subgroups of L/2L generated respectively by {~, ti} and {~}. The group E1 is the center of Spin (7) , i.e., the kernel of the epimorphism Spin(7) --+ SO(7) .
3.3. Centralizers of elementary abelian subgroups. We need to describe the centralizers of the above groups very explicitly (see 1.5). Let Q stand for the multiplicative group of unit quaternions; this is isomorphic to the special unitary group SU(2). The center of Q is {± I} , and we will use Q;ed to stand for the quotient of Qn by the diagonal subgroup generated by (-1, ... , -1). Let T e : t denote the semidirect product of the n-torus (R/Zt with {± I} , where the generator of {±1} acts on (R/Z)n by inversion. Recall (1.9) that ~(Ei) (resp . ./II"(E)) is the centralizer (resp. normalizer) in Spin (7) 
Proof. We will use the fact that if K c Spin (7) is the inverse image of the subgroup K c SO (7) , then the normalizer of K in Spin (7) is the inverse image of the normalizer of K. Case i = 1 of the lemma is clear. For i = 2 , note that the image of E2 in SO (7) is the group E2 of order 2 generated by diag( ----+ + +). The normalizer ./II"(E2) of E2 in SO (7) is a twocomponent group with identity component SO( 4) x SO( 3); one element in the non identity component is diag( ---+ + + -). By 3.1, ~(E2) is the inverse image in Spin(7) of the identity component of ./II"(E2) , and it is easy to check that this inverse image, as a two-fold covering group of SO( 4) xSO(3) ~ Q;ed x Q:ed ' has the indicated form.
For i = 3 observe that the image E3 of E3 in SO (7) is the group generated by E2 and diag( --+ + --+) ; the representation E3 --+ SO (7) is the sum of the trivial one-dimensional representation of E 3 with two copies of each nontrivial one-dimensional representation. The centralizer ~ (E 3) of E 3 in SO (7) is a group isomorphic to 0(2)3 generated by the torus T and the rank 6 elementary abelian group D of diagonal matrices. A check with 3.1 shows that ~(E3) is generated by the torus T and the inverse image in Spin(7) of diag( -+ -+ -+ -) .
For i = 4, observe that the image E4 of E4 in SO (7) is generated by E 3 and diag( -+ -+ -+ -); the representation E 4 -> SO (7) is the sum of all seven nontrivial one-dimensional representations of E 4' The centralizer ~(E4) is generated by E4 and the group D above; the quotient ./f/(E4)/~(E4) is isomorphic in its conjugation action on E 4 to Aut(E 4)' It is now easy to see that E4 is its own centralizer in Spin (7), since it is clear from the above that E4 is its own centralizer in ~(E3) ' The desired result follows.
3.5. Normalizers of centralizers. We now study the normalizers in Spin (7) of each one of above centralizers. This is important to us because (3.6) the normalizers determine which self homotopy equivalences of the classifying spaces of the centralizers are realized by conjugations in Spin(7). In the end (see 1.7) we will have to augment these particular self homotopy equivalences by others in order to construct the functor F, but it is necessary ( §6) in verifying the commutative diagrams that constitute F to recognize that certain equivalences are internal to Spin(7). We approach the problem of naming the equivalences (3.7) by labeling them with integral matrices (see 5.5 and the proof of 6.1 for an indication of how effective this is). Given the chosen basis {~, t; , t;} for L, the conjugation action of WI on T provides a homomorphism Pw: WI -> GL(3, Z). Let Jl: GL(3, Z) -> GL(3, F) stand for reduction mod 2 and det: GL(3, Z) -> {±l} for the determinant map. Recall from §2 the definition of the subgroup P( 1 ,2) of GL(3, F 2 ) • Denote by U(2, 1) the subgroup of P(2, 1) consisting of matrices which agree with the identity except in the last column and by U c GL ( 3, F ,) the group of upper-triangular matrices. Proof. We will first treat the case i = 1. According to [2] or [28] the algebra H* B Spin (7) is a polynomial algebra on classes x 4 ' x 6 ' x 7 ' Xg . The restriction map H* B Spin(7) --+ H* BE4 makes H* BE4 a finitely generated module over H* B Spin(7) [29, 2.4] and, since H* BE4 is itself a polynomial algebra on four (one-dimensional) generators, it follows from a transcendence degree argument [l, 11.21 ] that this restriction map must be injective. The ring H* BE 4 is integral [1,5.1] over H* B Spin(7) (this is an easy consequence of the fact that H* B Spin (7) is Noetherian and H* BE4 is finitely generated as a module over H* B Spin (7)) . Since the product of the degrees of the polynomial generators of H* B Spin(7) equals the order of W;, the desired isomorphism follows from [32, 3.2] .
Cases i = 2, 3,4 now follow from 3.9, since B~(Ei) is naturally equivalent [14] at the prime 2 to MAP(BEi' BSpin (7))f' where the map f: BEi--+ B Spin (7) is induced by the inclusion Ei --+ Spin(7) .
Let r)i: BEi --+ B~(Ei) be induced by the inclusion Ei --+ ~(Ei) .
Lemma. Let V be a rank 4 elementary abelian 2-group and let h: Ei --+ V be a monomorphism (i E {I , ... , 4}). Then up to homotopy there is a unique map k E EMB(BV, B~(E)) such that k· Bh is homotopic to r)i'
Proof. This is an immediate consequence of 3.11, 3.9 and 3.10, since up to the action of W;' there is only one monomorphism V --+ £4 which when composed with h gives the inclusion Ei --+ E 4 . Note that by 1.6(2) the bi-
jection (3.9) Hom(V, E 4 )/W;' ~ 7roMAP(BV, B~(Ei)) restricts to a bijection Emb(V, E 4 )/W;' ~ 7rOEMB(BV, B~(Ei))'
Now let V be a rank 4 elementary abelian 2-group and choose i E {I, ... ,4}. Lemma 3.12 shows that up to homotopy there is a unique map
. . . Bro (E)
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A 2-ADIC REPRESENT A TION
In this section we will show that the conjugation action of the Weyl group of Spin(7) on the fundamental group of the torus actually extends (after tensoring with Z2) to an action of a larger group. This will allow us in §6 to construct an action of GL(3, F 2 ) on the space jj~(E3) (see 3.4) .
Under the isomorphism WI ~ P( 1 , 2) x {± I} provided by 3.7, the homomorphism Pw gives a map Pp: P( 1, 2) --> GL(3, Z). Let Pp denote the composite of Pp with the natural inclusion GL(3, Z) --> GL(3, Z2) and fJ.: GL(3, Z2) --> GL(3, F 2 ) the map given by reduction mod 2. Proof. Let U c GL(3, F 2 ) be the group of upper-triangular matrices; the group U has order 8 and is a 2-Sylow subgroup of GL (3, F 2 ) . A calculation shows that the vector space Ho (U , sl( 3 , F 2) ) is of dimension one. Let x E sl(3, F 2 ) be an element which projects to a generator of Ho( U, sl(3, F 2 )) and let f: 
Theorem. There is a homomorphism
F 2 [U] --+ sl(3,
Lemma. Suppose that
(
1) there exists a group homomorphism p: K --+ SL(3, Z2) such that jl. p = I. and (2) if p' is another group homomorphism K --+ SL( 3, Z2) with jl. p = I. then there exists an element C E SL(3, Z2) such that jl(C) is the identity matrix
and CpC-1 = p'. Proof. Let G denote SL(3, Z2) and let G n c G (n ~ 1) be the normal subgroup consisting of matrices which are congruent to the identity matrix modulo 2n. It is easy to see that for each n ~ 1 the quotient group Gn/G n + 1 is abelian and is isomorphic as a module over G / G n to sl( 3, F 2)' where the action of G / G n on sl( 3, F 2) is obtained by composing the quotient map G/G n --+ GL (3, F 2 ) with the conjugation action that appears in 4.3.
Suppose that I has been lifted to a homomorphism p n: K --+ G / G n for some n , and let q: K' --+ K be the pullback over p n of the surjection G / G n+ I --+ G / G n' The kernel of q is an abelian group which is isomorphic as a K module to sl (3, F 2 By induction, then, the map I lifts for any n to a homomorphism P n : K -t G / G n ' and any two such lifts are conjugate via an element C n E G / G n which projects to the identity element of GL( 3, F 2)' Let 3? (n) be the set {p n} of all such lifts. There are natural surjections 3?(n) -t 3?(n -1), and :f(oo) = lim :f(n) is the set of all homomorphisms p: K --+ G such that jl. P = I. It < -is clear that :f(oo) is nonempty. This proves (1). Now suppose that p and pi are elements of 2" (oc). Let p n and P~ denote the images of these homomorphisms in 7(n), and let t?(n) denote the set of all elements of GIG n which conjugate p n to p~ and project trivially to GL(3, F 2 ). There are natural maps t?(n) -> t?(n -1), and t?(oc) = ~ t? (n) is the set of all elements of G which conjugate p to pi and project trivially to GL(3, F 2 ). Part (2) of the lemma follows from the fact that t?(oc) is nonempty, since each t?(n) is finite and nonempty. is conjugate to Pp via an element C E GL(3, 7... 2 ) which projects trivially to GL( 3, F 2) . The proof is completed by replacing PGL with its conjugate by C.
Proof of

SELF-MAPS OF COMPLETED CLASSIFYING SPACES
In this section we will calculate (5.5) the space of self homotopy equivalences of BQ;ect (see 3.4 ). This will allow us in §6 to construct an action of GL(2, F 2 ) on the space Bt?(E 2 ) ~ BQ;ect. There is an evident permutation action of GL(2, F 2) ~ 1:3 on BQ;ect' but the action which comes up in §6 is another one.
Some of what we do is implicit in [14, 10, 27] , although the particular results we need do not appear in these references. For the rest of the section let G denote a compact Lie group with chosen maximal torus T and Weyl group w.
The set Emb(T, G) (see 1.9) has a distinguished basepoint given by the inclusion of Tin G. Since T is unique up to conjugacy the discrete group Aut( T) acts transitively by composition on Emb( T, G); it is clear that the isotropy group ofthe distinguished basepoint is the image of the map W -> Aut(T) given by the conjugation action of W on T. We will need a homotopy-theoretic version of this fact. Note that the set noEMB(BT, BG) has a distinguished basepoint given by the map BT -> BG induced by the inclusion T -> G, and that the discrete group noAuT(BT) acts on noEMB(BT, BG) by composition.
Proposition. If G is a connected compact Lie group then the natural action of noAuT(BT) on noEMB(BT, BG) is transitive; the isotropy group of the distinguished basepoint is the image of the map W -> noAuT(BT) given by the conjugation action of W on T.
5.2.
Remark. This will be proven below. Note that choice of a basis for n I T gives isomorphisms Aut(T) ~ GL(r, Z) and noAuT(BT) ~ GL(r, Z2) , where r is the rank of G. 
Lemma. Suppose that G is connected and that n is
MAP(BQ, B%(Q» ~ B%(Q).
It follows from an inductive argument using 5.4 and the formula For the case G = Q;ed' let K denote the Eilenberg-Mac Lane space K(Z/2, 2) and note that there is a fibration p: BQ;ed ~ K (with fibre BQn) which is the projection of BQ~d to its second Postnikov stage. Since the formulation of Postnikov stages is functorial, the topological monoid of selfequivalences of p in the sense of [7, 6 .1] is equivalent to AUT(BQ;ed) (cf. [7, 6.3] ). By [7, 6.2] , then, there is a natural weak equivalence (BQ »p (where the subscript p on the right denotes the component of the indicated mapping space which contains a classifying map for p). Since AUT(K) ~ K and MAP(K, BAUT(BQn»p ~ BAuT(BQn) (both via basepoint evaluation maps), it is not hard to calculate directly that the natural map %( Q~d) ~ 7r 2 BAuT(BQ;ed) is an isomorphism. It is also clear that every self-equivalence of BQ~d is covered up to homotopy by a unique self-equivalence of BQn.
The proof is completed by checking that if T is a maximal torus of Qn which covers the maximal torus T of Q;ed' then each automorphism of T which normalizes the action of the Weyl group of Q;ed lifts to a unique automorphism of T which normalizes the action of the Weyl group of Qn .
A CONSTRUCTION IN THE HOMOTOPY CATEGORY
Let Ho(Y) be the homotopy category of Y . In this section we will define a functor F: A op ~ Ho(Y) such that H* F is naturally equivalent to the functor ex R of 2.5. We will continue to use the notation of §3.
By construction each vector space Ei' i = 1, ... , 4, comes with a basis and therefore an action of GL(i, F 2 ); we will refer to the induced action of GL(i, F 2 ) on BEi as the basis action of GL(i, F 2 ) on BE i . By 3.6 and 3.7 the internal structure of Spin ( 7) provides actions up to homotopy of P( 1 , 1) ~ wt /~ on jj~(E2) and of P(I, 2) ~ w 3 + /W 3 on jj~(E3); we will refer to these as the internal Spin actions of these groups. Let J i : BEi -+ jj~(EJ be the map induced by the inclusion Ei -+ ~(EJ. GL(3, Z2) .) The representation POL of 4.1 can be composed with the quotient map GL(3, Z2) -+ GL(3, Z2)/ {±I 3 } and the inverse of X3 to give an action of GL(3, F 2 ) on jj~(E3). Condition (1) (i = 3) follows from the isomorphism E3 ~ L/2L together with 4.1 (1), condition (2) from 3.7 and 4.1(2).
The group U(2, 1) is a subgroup of P(I, 2). By 3.7 the image of W 2 in GL(3, Z2) is generated by {±I 3 } and (4.1) pp(U(2, 1», where by 4.1(2) this last group is equal to pOL(U(2, 1». Since U(2, 1) is a normal subgroup of P(2, 1), it follows that pOL(P(2, 1» is contained in the normalizer of the image of W 2 and hence that POL induces a map P(2, 1)/U(2, 1)~GL(2,F2)-+ v 2 ~ 7tOAUT(jj~(E2». Use this map to give an action of GL(2, F 2 ) on jj~(E2). Condition (1) (i = 2) follows from 4.1 (1) and the natural isomorphism between E2 and the subgroup of L/2L generated by the residue classes of ~ and .t;.
Restricting the above action of GL(2, F 2 ) on jj~(E2) to P(I, 1) and apLicense or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use plying X 2 gives a monomorphism (U(2, 1) ))/ PGL(U(2, 1)) (see 3.7) which is covered by the map U -. GL (3, Z2) given by the restriction to U of PGL' The internal Spin action of P(I, 1) on BC(fJ'(E 2 ) induces a parallel monomorphism P(I, 1) -. li2 which is covered by the map U -.
GL (3, Z2) given by the restriction to U of Pp (3.7,4 .1). Condition (3) is thus a consequence of 4.1 (2) .
Finally, property (4) (E 2 ) which extend to inner automorphisms of Spin (7); this (cf. 3.6) gives relation 2.1(1). Relation 2.1(2) is 6.1(4). By 6.1(2), the restriction of the action of GL(3, F 2 ) on F(A3) to P(I, 2) is induced by automorphisms of C(fJ'(E3) which extend to inner automorphisms of Spin (7); this establishes relation 2.1 (4). Finally, relation 2.1 (6) follows from 3.10, since the action of P(I, 3) on BC(fJ'(E 4 ) is induced by group automorphisms which become inner in Spin(7). Relations 2.1(3) and 2.1(5) require a little more work. For 2.}(3), let T e : t (2) denote some subgroup of T e : t (see 3.4) which is isomorphic to the semidirect product of (Z2",f with Z/2. The inclusion T;xt(2) -. Tenxt induces a cohomology isomorphism H* T e : t -. H* T e : t (2) and therefore an equivalence BT;xt(2) ~ BT;xt' Under this equivalence the above action of GL(3, F 2 ) on BC(fJ'(E 3 ) ~ BT;xt is by construction induced by an action of GL(3, F 2 ) on T:Xt(2) by group homomorphisms. This last action is obtained by letting GL(3, F 2 ) act via PGL on (Z2=l (note that Aut((Z2°o)3) ~ GL(3, Z2)) and then extending to T;xt (2) by using the fact that -/3 E GL(3, Z2) commutes with PGL(GL (3, F 2 ) ). In a similar way, the map F(f3): BE4 -. BC(fJ'(E 3 ) is induced by a group homomorphism E4 -. T;xt (2) which sends the first three basis vectors of E4 to elements of order 2 in the subgroup (Z2°o)3 and the last basis vector to an element of order 2 which does not lie in (Z2°o)3. Relation 2.1 (3) now follows from a straightforward group-theoretic calculation involving 6.1 (1); note in particular that the automorphisms of E4 provided by U(3, 1) become inner automorphisms in T;xt(2) (or in C(fJ'(E 3 )).
For 2.1 (5) observe (3.10) that the automorphisms of E4 provided by Po(2, 2) become inner automorphisms in C(fJ'(E 2 ) , so it is enough to check 2.1(5) for matrices h E GL( 4, F 2) which agree with the identity except in the upper left-hand 2x2 block. Such a matrix h belongs to P (3, which makes H* BV a finitely generated module over H* B~(E) and satisfies 
LIFTING TO THE CATEGORY OF SPACES
In this section we will use the results of [6] Now let x be an object of F 1 A r , y an object of Ar and a(y) -t x a map of F 1 A r . It is clear that there is a unique map w: y -t j(x) in Ar such that the given map a(y) -t x is the composite of a(w) with the evident natural isomorphism a(j(x)) ~ x (in fact, a is left adjoint to j). This shows that the over category a 1 x has a terminal object and therefore a contractible nerve [ The proof of this is identical to the proof of [13, 2.3] . The standard cochain complexes which compute the two higher limits involved are isomorphic. 
Proof of
